Appendix-D

A Review of Complex Variables

This appendix is a brief summary of some results on complex variables theory, with emphasis on
the facts needed in control theory. For a comprehensive study of basic complex variables theory, see
standard textbooks such as Brown and Churchill (1996) or Marsden and Hoffman (1998).

D.1 Definition of a Complex Number

The complex numbers are distinguished from purely real numbers in that they also contain the
imaginary operator, which we shall denote j. By definition,

j7=-1 or j=+v-1L (D.1)
A complex number may be defined as
A=o0+jw, (D.2)
where o is the real part and w is the imaginary part, denoted respectively as
o =Re(4), w=Im(A4). (D.3)

Note that the imaginary part of A is itself a real number.

Graphically, we may represent the complex number A in two ways. In the Cartesian coordinate
system (Fig. D.1a), A is represented by a single point in the complex plane. In the polar coordinate
system, A is represented by a vector with length r and an angle 0; the angle is measured in radians
counterclockwise from the positive real axis (Fig. D.1b). In polar form the complex number A is
denoted by

A=|A|-LargA=r-/0=re??, 0<6<2r, (D.4)

where r—called the magnitude, modulus, or absolute value of A—is the length of the vector

representing A, namely,
r=|Al = +vo?+w? (D.5)

and where 6 is given by
tang = 2 (D.6)
o

or
w

0 = arg(A) = tan~! (—) . (D.7)

o
Care must be taken to compute the correct value of the angle, depending on the sign of the real
and imaginary parts (i.e., one must find the quadrant in which the complex number lies).
The conjugate of A is defined as
A" =0 — jw- (D.8)
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Figure D.1: The complex number A represented in (a) Cartesian and (b) polar coordinates
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Figure D.2: Arithmetic of complex numbers: (a) addition; (b) multiplication; (c¢) division

Therefore,

(A7)

(A 4 Ap)”

Ar\”
(i)

(A14,)"

Re(A)

AA*

A

)

A} £ 45,

Af

Tsy

ATA§7

A+ A*
2

(Fe

D.2 Algebraic Manipulations

D.2.1 Complex Addition

If we let

Ay =01+ jwi

A— A*

, Im(4) = 5

and As =09 + jwa,

(D.15)
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then

A+ Ay = (0’1 —|—jLU1) + (0’2 —|—jLU2) = (0'1 + 0'2) +j(w1 + UJQ). (D16)
Because each complex number is represented by a vector extending from the origin, we can add or
subtract complex numbers graphically. The sum is obtained by adding the two vectors. This we do
by constructing a parallelogram and finding its diagonal, as shown in Fig. D.2(a). Alternatively, we
could start at the tail of one vector, draw a vector parallel to the other vector, and then connect the
origin to the new arrowhead.

Complex subtraction is very similar to complex addition.

D.2.2 Complex Multiplication
For two complex numbers defined according to Eq. (D.15),
A1y = (01 + jwi)(o2 + jwo)
= (0102 —wiwsz) + j(wio2 + o1w2). (D.17)

The product of two complex numbers may be obtained graphically using polar representations, as
shown in Fig. D.2(b).
D.2.3 Complex Division

The division of two complex numbers is carried out by rationalization. This means that both the
numerator and denominator in the ratio are multiplied by the conjugate of the denominator:

A A4
Ay AgA
(0102 + wiws) + j(wios — o1w2)
= 5 5 . (D.18)
05 + wjy
From Eq. (D.4) it follows that
1 .
A7l =—e 0 r A0 (D.19)
T
Also, if A1 = r1€7% and Ay = r9e7%2, then
A1 Ay = ryrged01102) (D.20)
where |41 As| = r17ro and arg(A;A2) = 01 + 0, and
A "1 j(61—62)
— == D.21
A2 7"26 9 T2 7é 07 ( )
where ‘%’ = % and arg (%) = 61 — 5. The division of complex numbers may be carried out

graphically in polar coordinates as shown in Fig. D.2(c).
Example D.1 Frequency Response of First-Order SystemFind the magnitude and phase of the
transfer function G(s) = ﬁ, where s = jw.
SOLUTION Substituting s = jw and rationalizing, we obtain
1 o+1-jw

G(j =
(je) oc+1+jwo+1—jw
_ oc+1—jw
(o 1)2 4w
Therefore, the magnitude and phase are
. (0 + 1) +w? 1
IG(jw)| = s = ,
(c+1)2+w (0 +1)? 4+ w?

wg(G) =t (eI ) < (5.
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Figure D.3: Graphical determination of magnitude and phase

D.3 Graphical Evaluation of Magnitude and Phase

Consider the transfer function m

G(s) = Limi(s+ =) (D.22)

[ (s +pi)

The value of the transfer function for sinusoidal inputs is found by replacing s with jw. The gain and
phase are given by G(jw) and may be determined analytically or by a graphical procedure. Consider
the pole-zero configuration for such a G(s) and a point sy = jwg on the imaginary axis, as shown
in Fig. D.3. Also consider the vectors drawn from the poles and the zero to sg. The magnitude of
the transfer function evaluated at sg = jwg is simply the ratio of the distance from the zero to the
product of all the distances from the poles:

. T
|G(jwo)| = —=

. D.23
r2T3T4 ( )

The phase is given by the sum of the angles from the zero minus the sum of the angles from the
poles:

arg G(]Wo) = 4G(]W0) =0; — (92 + 05 + 94) (D24)

This may be explained as follows. The term s + z; is a vector addition of its two components. We
may determine this equivalently as s — (—z;), which amounts to translation of the vector s + z;
starting at —z1, as shown in Fig. D.4. This means that a vector drawn from the zero location to
so is equivalent to s 4+ z;. The same reasoning applies to the poles. We reflect p1, p2, and p3 about
the origin to obtain the pole locations. Then the vectors drawn from —pq, —p2, and —p3 to sg are
the same as the vectors in the denominator represented in polar coordinates. Note that this method
may also be used to evaluate sg at places in the complex plane besides the imaginary axis.

D.4 Differentiation and Integration

The usual rules apply to complex differentiation. Let G(s) be differentiable with respect to s. Then
the derivative at sg is defined as
G(s)— G
G'(s9) = lim M, (D.25)
8—380 S — Sp
provided that the limit exists. For conditions on the existence of the derivative, see Brown and
Churchill (1996).
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Figure D.4: Illustration of graphical computation of s + z;

The standard rules also apply to integration, except that the constant of integration c is a complex
constant:

/ G(s)ds = / Re[G(s)]ds + j / Im[G(s)]ds + c. (D.26)

D.5 FEuler’s Relations

Let us now derive an important relationship involving the complex exponential. If we define
A =cosf + jsind, (D.27)

where @ is in radians, then

dA

0 —sinf + jcosf = j%sinf + jcosh

= j(cosf+ jsinfh) = jA. (D.28)

We collect the terms involving A to obtain

dA
— = jd6. D.2
T = (D.29)
Integrating both sides of Eq. (D.29) yields
InA=j0+c, (D.30)

where ¢ is a constant of integration. If we let § = 0 in Eq. (D.30), we find that ¢ =0 or

A=e"? =cosf+ jsind. (D.31)
Similarly, _
A* =799 = cosf — jsiné. (D.32)
From Egs. (D.31) and (D.32) it follows that Euler’s relations
30 | o—if
cosf — % (D.33)
Jjo _ =30
sinf = —— (D.34)

2j
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Figure D.5: Contours in the s-plane: (a) a closed contour; (b) two different paths between A; and
Az

D.6 Analytic Functions

Let us assume that G is a complex-valued function defined in the complex plane. Let sy be in the
domain of G, which is assumed to be finite within some disk centered at sg. Thus, G(s) is defined
not only at sg but also at all points in the disk centered at sg. The function G is said to be analytic
if its derivative exists at sy and at each point in the neighborhood of sg.

D.7 Cauchy’s Theorem

A contour is a piecewise-smooth arc that consists of a number of smooth arcs joined together. A
simple closed contour is a contour that does not intersect itself and ends on itself. Let C be a
closed contour as shown in Fig. D.5(a), and let G be analytic inside and on C. Cauchy’s theorem
states that

]{ G(s)ds = 0. (D.35)
c

There is a corollary to this theorem: Let C; and Cs be two paths connecting the points A; and A,
as in Fig. D.5(b). Then

G(s)ds = G(s)ds. (D.36)
Cq Cs

D.8 Singularities and Residues

If a function G(s) is not analytic at so but is analytic at some point in every neighborhood of sg, it is
said to be a singularity. A singular point is said to be an isolated singularity if G(s) is analytic
everywhere else in the neighborhood of sy except at sg. Let G(s) be a rational function (that
is, a ratio of polynomials). If the numerator and denominator are both analytic, then G(s) will be
analytic except at the locations of the poles (that is, at roots of the denominator). All singularities

of rational algebraic functions are the pole locations.
Let G(s) be analytic except at so. Then we may write G(s) in its Laurent series expansion form:
A, A

G(s) = 7(8—80)" +...+ 7(8—80)

The coefficient A_; is called the residue of G(s) at so and may be evaluated as

+B()+B1(S—So) + ..., (D37)

A_1 = Res[G(s); s0] = % ]{C G(s) ds, (D.38)
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Figure D.6: Contour around an isolated singularity

where C' denotes a closed arc within an analytic region centered at sy that contains no other singu-
larity, as shown in Fig. D.6. When s is not repeated with n = 1, we have

A_1 = Res[G(s); so] = (s — 50)G(S)]s=s0- (D.39)

This is the familiar cover-up method of computing residues.

D.9 Residue Theorem

If the contour C contains [ singularities, then Eq. (D.39) maybe generalized to yield Cauchy’s
residue theorem:

1

l
7 G(s) ds = Z Res|G(s); si]. (D.40)

D.10 The Argument Principle

Before stating the argument principle, we need a preliminary result from which the principle follows
readily.
Number of Poles and Zeros

Let G(s) be an analytic function inside and on a closed contour C, except for a finite number of
poles inside C. Then, for C described in the positive sense (clockwise direction),

1[G
or

where N and P are the total number of zeros and poles of G inside C, respectively. A pole or zero
of multiplicity k is counted k times.

Proof Let sy be a zero of G with multiplicity k. Then, in some neighborhood of that point, we
may write G(s) as

G(s) = (s — 50)" f(5), (D.43)
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where f(s) is analytic and f(sg) # 0. If we differentiate Eq. (D.43), we obtain

G'(5) = k(s —50)" 1 f(s) + (s — 50)" f'(5). (D.44)
Equation (D.41) may be rewritten as
¢k f)
G(s) s—s0  f(s)
Therefore, G'(s)/G(s) has a pole at s = so with residue K. This analysis may be repeated for every

zero. Hence, the sum of the residues of G'(s)/G(s) is the number of zeros of G(s) inside C. If s is
a pole with multiplicity [, we may write

(D.45)

h(s) = (s — 50)'G(), (D.46)
where h(s) is analytic and h(sg) # 0. Then Eq. (D.46) may be rewritten as
__hs)
G(s) = Goso)l (D.47)
Differentiating Eq. (D.47) we obtain
R (s) lh(s)
! —
G (8) - (S _ So)l (S _ SQ)H_l’ (D48)
so that o l W
G — (s) (D.49)

G(s) s—sg + h(s)"
This analysis may be repeated for every pole. The result is that the sum of the residues of G'(s)/G(s)
at all the poles of G(s) is —P.

The Argument Principle
Using Eq. (D.38), we get

Il D.
2mfdnc: (D.50)
where d[ln G(s)] was substituted for G'(s)/G(s). If we write G(s) in polar form, then
§ dinGes) - fd{1n|c<s>| + jarglln G(s)]}
r r
= In|G(s)[[3=S + 7 arg Gs)[=53- (D.51)

Because I' is a closed contour, the first term is zero, but the second term is 27 times the net
encirclements of the origin:

1 D.52
%L%dnG (D.52)

Intuitively, the argument principle may be stated as follows: We let G(s) be a rational function
that is analytic except at possibly a finite number of points. We select an arbitrary contour in the
s-plane so that G(s) is analytic at every point on the contour (the contour does not pass through
any of the singularities). The corresponding mapping into the G(s)-plane may encircle the origin.
The number of times it does so is determined by the difference between the number of zeros and
the number of poles of G(s) encircled by the s-plane contour. The direction of this encirclement is
determined by which is greater, N (clockwise) or P (counterclockwise). For example, if the contour
encircles a single zero, the mapping will encircle the origin once in the clockwise direction. Similarly,
if the contour encloses only a single pole, the mapping will encircle the origin, this time in the
counterclockwise direction. If the contour encircles no singularities, or if the contour encloses an
equal number of poles and zeros, there will be no encirclement of the origin. A contour evaluation of
G(s) will encircle the origin if there is a nonzero net difference between the encircled singularities.
The mapping is conformal as well, which means that the magnitude and sense of the angles between
smooth arcs is preserved. Chapter 6 provides a more detailed intuitive treatment of the argument
principle and its application to feedback control in the form of the Nyquist stability theorem.
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D.11 Bilinear Transformation

A bilinear transformation is of the form

as+b
w=——, D.53
cs+d ( )
where a, b, ¢, d are complex constants and it is assumed that ad—bc # 0. The bilinear transformation
always transforms circles in the w-plane into circles in the s-plane. This can be shown in several

ways. If we solve for s, we obtain

—dw+b
g= 20T2 (D.54)

cCw —a

The equation for a circle in the w-plane is of the form

lw—o|

ool = (D.55)
If we substitute for w in terms of s in Eq. (D.53), we get
il (D.56)
ls — 7'l
where
e i il o3

which is the equation for a circle in the s-plane. For alternative proofs the reader is referred to Brown
and Churchill (1996) and Marsden and Hoffman (1998).
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AppendixvE

Summary of Matrix Theory

In the text, we assume you are already somewhat familiar with matrix theory and with the solution
of linear systems of equations. However, for the purposes of review we present here a brief summary
of matrix theory with an emphasis on the results needed in control theory. For further study, see
Strang (1988) and Gantmacher (1959).

E.1 Matrix Definitions

An array of numbers arranged in rows and columns is referred to as a matrix. If A is a matrix with
m rows and n columns, an m x n (read “m by n”) matrix, it is denoted by

a1 a2 A1n
a1 Qg2 -+ A2p

A=| , o, (E.1)
am1 Am2 - Amn

where the entries a;; are its elements. If m = n, then the matrix is square; otherwise it is rectan-
gular. Sometimes a matrix is simply denoted by A = [a;;]. If m = 1 or n = 1, then the matrix
reduces to a row vector or a column vector, respectively. A submatrix of A is the matrix with
certain rows and columns removed.

E.2 Elementary Operations on Matrices
If A and B are matrices of the same dimension, then their sum is defined by
C=A+B, (E.2)

where

cij = aij + bij. (E.3)

That is, the addition is done element by element. It is easy to verify the following properties of
matrices:

A+B = B+A, (E4)

(A+B)+C = A+ (B+C). (E.5

~

Two matrices can be multiplied if they are compatible. Let A = m x n and B = n x p. Then the
m X p matrix

C=AB (E.6)

45

Commutative
law for addition
Associative law
for addition
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is the product of the two matrices, where

Cij = Zaikbkj. (E7)
k=1

Matrix multiplication satisfies the associative law
A(BC) = (AB)C, (E.8)
but not the commutative law; that is, in general,

AB # BA. (E.9)

E.3 Trace

The trace of a square matrix is the sum of its diagonal elements:

trace A = Z Q- (E.10)
i=1

E.4 Transpose

The n x m matrix obtained by interchanging the rows and columns of A is called the transpose of
matrix A:

air a1 ... Gl
AT a2 a2 ... Gm2
A1p  A2n .. Qmn
A matrix is said to be symmetric if
AT = A. (B.11)
It is easy to show that
(AB)" = BTAT (E.12)
(ABC)" = CTBTAT (E.13)
(A+B)T = AT+BT. (E.14)

E.5 Determinant and Matrix Inverse
The determinant of a square matrix is defined by Laplace’s expansion
det A = Zn:aij'yij forany i=1,2,...,n, (E.15)
j=1
where v, is called the cofactor and
vi; = (=1)" det M;;, (E.16)

where the scalar det M;; is called a minor. M;; is the same as the matrix A except that its ith row
and jth column have been removed. Note that M;; is always an (n — 1) X (n — 1) matrix, and that
the minors and cofactors are identical except possibly for a sign.
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The adjugate of a matrix is the transpose of the matrix of its cofactors:

adj A = [v;;]". (E.17)

It can be shown that
A adj A = (det A)I, (E.18)

where I is called the identity matrix:

1 0 ... 0

0 1 0 0

I = )
0 0 1

that is, I has ones along the diagonal and zeros elsewhere. If det A # 0, then the inverse of a matrix
A is defined by

_, adjA
= E.19
det A ( )
and has the property
AAT'=ATTA =1 (E.20)

Note that a matrix has an inverse—that is, it is nonsingular—if its determinant is nonzero.
The inverse of the product of two matrices is the product of the inverse of the matrices in reverse

order:
(AB)"'=B'A"! (E.21)

and
(ABC)"'=C'B7 'A% (B.22)

E.6 Properties of the Determinant

When dealing with determinants of matrices, the following elementary (row or column) operations
are useful:

1. If any row (or column) of A is multiplied by a scalar «, the resulting matrix A has the
determinant
det A = avdet A. (E.23)

Hence
det(awA) = " det A. (E.24)

2. If any two rows (or columns) of A are interchanged to obtain A, then

det A = —det A. (E.25)

3. If a multiple of a row (or column) of A is added to another to obtain A, then

det A = det A. (E.26)
4. Tt is also easy to show that
det A = det AT (B.27)

and
det AB = det A det B. (E.28)

Inversion
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Applying Eq. (E.28) to Eq. (E.20), we have
det Adet A= = 1. (E.29)

If A and B are square matrices, then the determinant of the block triangular matrix is the
product of the determinants of the diagonal blocks:

A C
det[ 0 B } = det A det B. (E.30)
If A is nonsingular, then
det[ ‘é g } = det A det(D — CA™'B). (E.31)

Using this identity, we can write the transfer function of a scalar system in a compact form:

det { (SI__HF) (J; }

=H(sI-F)! = E.32
G(s) =H(sI-F)"'G+J oI =T (E.32)
E.7 Inverse of Block Triangular Matrices
If A and B are square invertible matrices, then
-1
A C Al —A'CcB™!
B R

E.8 Special Matrices

Some matrices have special structures and are given names. We have already defined the identity
Diagonal matrix matrix, which has a special form. A diagonal matrix has (possibly) nonzero elements along the
main diagonal and zeros elsewhere:

a1 0
a22

as3

0

a/nn

(E.34)

A matrix is said to be (upper) triangular if all the elements below the main diagonal are zeros:

aiil
0

0
0

@12
a22

0

0

A1n

ann

(E.35)

The determinant of a diagonal or triangular matrix is simply the product of its diagonal elements.

A matrix is said to be in the (upper) companion form if it has the structure

|
S O 9o
3

(E.36)
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Note that all the information is contained in the first row. Variants of this form are the lower, left,
or right companion matrices. A Vandermonde matrix has the following structure:

1 a a@ - af?
1 ay a3 - a)?

A= . . (E.37)
1 a, a2 an—1

E.9 Rank

The rank of a matrix is the number of its linearly independent rows or columns. If the rank of A is
r, then all (r + 1) x (r + 1) submatrices of A are singular, and there is at least one r x r submatrix
that is nonsingular. It is also true that

row rank of A = column rank of A. (E.38)

E.10 Characteristic Polynomial
The characteristic polynomial of a matrix A is defined by
a(s) = det(sI—A)
= S"+a1s" - Fan 1S+ an, (E.39)
where the roots of the polynomial are referred to as eigenvalues of A. We can write
a(s) =(s—A1)(s—Xa) -+ (s = \p), (E.40)

where {\;} are the eigenvalues of A. The characteristic polynomial of a companion matrix (e.g.,
Eq. (E.36)) is
a(s) det(sI — A.)

= "4+a18"  + - +an_15+an. (E.41)

E.11 Cayley—Hamilton Theorem

The Cayley—Hamilton theorem states that every square matrix A satisfies its characteristic polyno-
mial. This means that if A is an n x n matrix with characteristic equation a(s), then

a(A) 2 A"+ A" a1 At a0 =0 (E42)

E.12 Eigenvalues and Eigenvectors
Any scalar A\ and nonzero vector v that satisfy
Av =)v (E.43)

are referred to as the eigenvalue and the associated (right) eigenvector of the matrix A [because
v appears to the right of A in Eq. (E.43)]. By rearranging terms in Eq. (E.43), we get

(M — A)v = 0. (E.44)
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Because v is nonzero,

det(AI — A) = 0, (E.45)

so A is an eigenvalue of the matrix A as defined in Eq. (E.43). The normalization of the eigenvectors
is arbitrary; that is, if v is an eigenvector, so is av. The eigenvectors are usually normalized to have
unit length; that is, [|[v|* = vIv = 1.

If w!' is a nonzero row vector such that

wlA = w’, (E.46)

then w is called a left eigenvector of A [because w! appears to the left of A in Eq. (E.46)]. Note
that we can write

ATw = \w (E.47)

so that w is simply a right eigenvector of AT.

E.13 Similarity Transformations

Consider the arbitrary nonsingular matrix T such that
A =T 'AT. (E.48)

The matrix operation shown in Eq. (E.48) is referred to as a similarity transformation. If A has
a full set of eigenvectors, then we can choose T to be the set of eigenvectors and A will be diagonal.
Consider the set of equations in state-variable form:

x = Fx + Gu. (E.49)
If we let
TE¢ = x, (E.50)
then Eq. (E.49) becomes .
T¢ = FTE + Gu, (E.51)
and premultiplying both sides by T, we get
¢ = T 'FT¢E+T 'Gu
F¢ + Gu, (E.52)
where
F = T 'FT,
G T 'G. (E.53)

The characteristic polynomial of F is

det(sI - F) = det(sI — T"'FT)
= det(sT'T - T 'FT)
= det[T!(sI - F)T]
= detT 'det(sI —F)detT. (E.54)

Using Eq. (E.29), Eq. (E.54) becomes
det(sI — F) = det(sI — F). (E.55)

From Eq. (E.55) we can see that F and F both have the same characteristic polynomial, giving us
the important result that a similarity transformation does not change the eigenvalues of a matrix.
From Eq. (E.50) a new state made up of a linear combination from the old state has the same
eigenvalues as the old set.
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E.14 Matrix Exponential
Let A be a square matrix. The matrix exponential of A is defined as the series

A3¢3

1
At 2,2
e —I+At+f2!At + 3]

TR (E.56)

At

It can be shown that the series converges. If A is an n X n matrix, then e”" is also an n x n matrix

and can be differentiated:

d
%eAt = At (E.57)
Other properties of the matrix exponential are

oAt Atz _ JA(ti+t2) (E.58)

and, in general,
efeB oL eBeh, (E.59)

(In the exceptional case where A and B commute—that is, AB = BA—then e2eB = ¢Be#))

E.15 Fundamental Subspaces

The range space of A, denoted by R(A) and also called the column space of A, is defined by
the set of vectors

x = Ay (E.60)

for some vector y. The null space of A, denoted by N'(A), is defined by the set of vectors x such
that

Ax =0. (E.61)

If + € N(A) and y € R(AT), then yI'x = 0; that is, every vector in the null space of A is
orthogonal to every vector in the range space of AT

E.16 Singular-Value Decomposition
The singular-value decomposition (SVD) is one of the most useful tools in linear algebra and
has been widely used in control theory during the last two decades. Let A be an m x n matrix. Then
there always exist matrices U, S, and V such that

A =USV”, (E.62)
Here U and V are orthogonal matrices; that is

vul = vvi =1 (E.63)

S is a quasidiagonal matrix with singular values as its diagonal elements; that is,

S:{ﬁ 8} (E.64)

where X is a diagonal matrix of nonzero singular values in descending order:

o1 >09>-->0,>0. (E.65)
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The unique diagonal elements of S are called the singular values. The maximum singular value is
denoted by 7(A), and the minimum singular value is denoted by o(A). The rank of the matrix is
the same as the number of nonzero singular values. The columns of U and V|

U = [u1 Uz ... Um ],
V = [vy vy ... vnl, (E.66)

are called the left and right singular vectors, respectively. SVD provides complete information
about the fundamental subspaces associated with a matrix:

N(A) = spanl vrer vz e o )
R(A) = span[ ug uz ... u, |,

R(AT) = span[ vy vy ... v, ],

N(AT) = span[ ur41 Urgo oo Uy . (E.67)

Here R denotes the null space, and N denotes the range space respectively.

The norm of the matrix A, denoted by ||A]|2, is given by
[A[l2 = & (A). (E.68)
If A is a function of w, then the infinity norm of A, ||A|w, is given by

JA (i) 0 = maxa(A). (E-69)

E.17 Positive Definite Matrices
A matrix A is said to be positive semidefinite if
xTAx >0 for all x. (E.70)

The matrix is said to be positive definite if equality holds in Eq. (E.70) only for x = 0. A symmetric
matrix is positive definite if and only if all of its eigenvalues are positive. It is positive semidefinite
if and only if all of its eigenvalues are nonnegative.

An alternate method for determining positive definiteness is to test the minors of the matrix. A
matrix is positive definite if all the leading principal minors are positive, and positive semidefinite
if they are all nonnegative.

E.18 Matrix Identity

If A is an n X m matrix and B is an m X n matrix, then
det[I,, — AB] = det[I,, — BA],

where I,, and I,,, are identity matrices of size n and m respectively.
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Controllability and Observability

Controllability and observability are important structural properties of dynamic systems. First iden-
tified and studied by Kalman (1960) and later by Kalman et al. (1961), these properties have con-
tinued to be examined during the last four decades. We will discuss only a few of the known results
for linear constant systems with one input and one output. In the text we discuss these concepts in
connection with control law and estimator designs. For example, in Section 7.4 we suggest that if
the square matrix given by

C=[GFGF’G ... F"'q] (F.1)

is nonsingular, then by transformation of the state we can convert the given description into control
canonical form. We can then construct a control law that will give the closed-loop system an arbitrary
characteristic equation.

F.1 Controllability
We begin our formal discussion of controllability with the first of four definitions:

Definition 1 Definition I The system (F, G) is controllable if, for any given nth-order polynomial
ac(s), there exists a (unique) control law uw = —Kx such that the characteristic polynomial of F—GK
s a.(s).

From the results of Ackermann’s formula (see Appendix G), we have the following mathematical
test for controllability: (F, G) is a controllable pair if and only if the rank of C is n. Definition I
based on pole placement is a frequency-domain concept. Controllability can be equivalently defined
in the time domain.

Definition 2 Definition I The system (F, G) is controllable if there exists a (piecewise continu-
ous) control signal u(t) that will take the state of the system from any initial state xo to any desired
final state x¢ in a finite time interval.

We will now show that the system is controllable by this definition if and only if C is full rank. We
first assume that the system is controllable but that

rank[G FG F°G ... F""'G] < n. (F.2)
We can then find a vector v such that
v[G FG F?G ... F""!G] =0, (F.3)

or

vG =vFG =vF’G =... =vF" 'G = 0. (F.4)

53
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The Cayley—Hamilton theorem states that F satisfies its own characteristic equation, namely,

~F" =, F" ' 4 aF" 2 + ... +a,l (F.5)
Therefore,
—vF"G = a,vF" 'G + aovF" ’G 4 ... + a,vG = 0. (F.6)
By induction, vF""*G =0 for £ =0,1,2,..., or VFG =0 for m = 0,1,2, ..., and thus
1
ve'G =v (I +Ft+ §F2t2 +.. > G=0 (F.7)

for all t. However, the zero initial-condition response (xo = 0) is

x(t)

t
/ ve¥ " Gu(r) dr

0
t
= eFt/ e T Gu(r) dr. (F.8)
0
Using Eq. (F.7), Eq. (F.8) becomes
t
vx(t) = / veF = Gu(r) dr =0 (F.9)
0

for all u(t) and ¢ > 0. This implies that all points reachable from the origin are orthogonal to v.
This restricts the reachable space and therefore contradicts the second definition of controllability.
Thus if C is singular, (F, G) is not controllable by Definition II.

Next we assume that C is full rank but (F, G) is uncontrollable by Definition II. This means
that there exists a nonzero vector v such that

ty
v/ eF(tffT)Gu(T) dr =0, (F.10)
0
because the whole state space is not reachable. But Eq. (F.10) implies that

ve? VG =0, 0<T<t (F.11)

If we set 7 = ty, we see that vG = 0. Also, differentiating Eq. (F.11) and letting 7 = ¢ gives
vFG = 0. Continuing this process, we find that

vG =vFG =vF’G =... = vF" !'G =0, (F.12)

which contradicts the assumption that C is full rank.

We have now shown that the system is controllable by Definition II if and only if the rank of C
is n, exactly the same condition we found for pole assignment.

Our final definition comes closest to the structural character of controllability:

Definition 3 Definition III The system (F, G) is controllable if every mode of F is connected to
the control input.

Because of the generality of the modal structure of systems, we will treat only the case of systems
for which F can be transformed to diagonal form. (The double-integration plant does not qualify.)
Suppose we have a diagonal matrix Fy and its corresponding input matrix G4 with elements g;. The
structure of such a system is shown in Fig. (F.1). By definition, for a controllable system the input
must be connected to each mode so that the

g; are all nonzero. However, this is not enough if the poles ();) are not distinct. Suppose, for
instance, that A\; = A. The first two state equations are then

Tid = MZTid+ 914,
Toa = AT2d + gou. (F.13)
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Figure F.2: Examples of uncontrollable systems

If we define a new state, & = gax14 — 91724, the equation for £ is

§ = 2814 — g1%24 = GoM1%1d + G2G1U — g1 A1T2q — 192U = A&, (F.14)

which does not include the control u; hence, £ is not controllable. The point is that if any two poles
are equal in a diagonal Fyq system with only one input, we effectively have a hidden mode that is
not connected to the control, and the system is not controllable (Fig. F.2a). This is because the two
state variables move together exactly, so we cannot independently control x14 and xo4. Therefore,
even in such a simple case, we have two conditions for controllability:

1. All eigenvalues of F; are distinct.
2. No element of G, is zero.

Now let us consider the controllability matrix of this diagonal system. By direct computation,

(g1 M . @A
c = g2 gaha :
g0 gt N garn
" g 0 /NP VD - Ui
_ 92 | 1 XA A2 . . (F.15)
I o n 1 )\n A:i - Az:*l

Note that the controllability matrix C is the product of two matrices and is nonsingular if and only
if both of these matrices are invertible. The first matrix has a determinant that is the product of
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the g;, and the second matrix (called a Vandermonde matrix) is nonsingular if and only if the A; are
distinct. Thus Definition III is equivalent to having a nonsingular C also.

Important to the subject of controllability is the Popov—Hautus—Rosenbrock (PHR) test
(see Rosenbrock, 1970, and Kailath, 1980), which is an alternate way to test the rank (or determinant)
of C. The system (F, G) is controllable if the system of equations

vI[sI-F G]=0" (F.16)
has only the trivial solution vZ' = 0T—that is, if the matrix pencil
rank[sI - F G]=n (F.17)
is full rank for all s, or if there is no nonzero v’ such that!
vIF = svl, (F.18)
viG = o. (F.19)

This test is equivalent to the rank-of-C test. It is easy to show that if such a vector v exists, then C
is singular. For, if a nonzero v exists such that vI'G = 0 then by Eqs. (F.18) and (F.19),

vIFG = svT'G = 0. (F.20)
Then, multiplying by FG, we find that
vIF?G = svIFG =0, (F.21)

and so on. Thus we determine that vI'C = 07 has a nontrivial solution, that C is singular, and that
the system is not controllable. To show that a nontrivial v7 exists if C is singular requires more
development, which we will not give here (see Kailath, 1980).

We have given two pictures of uncontrollability. Either a mode is physically disconnected from
the input (Fig. F.2b), or else two parallel subsystems have identical characteristic roots (Fig. F.2a).
The control engineer should be aware of the existence of a third simple situation, illustrated in
Fig. F.2c, namely, a pole-zero cancellation. Here the problem is that the mode at s = 1 appears
to be connected to the input but is masked by the zero at s = 1 in the preceding subsystem; the
result is an uncontrollable system. This can be confirmed in several ways. First let us look at the
controllability matrix. The system matrices are

-1 0 -2
=[] e[
so the controllability matrix is

e FG]{_E _21} (F.22)

which is clearly singular. The controllability matrix may be computed using the ctrb command in
MATLAB: [cc]=ctrb(F,G). If we compute the transfer function from u to z2, we find that

s—1 1 1
H(s) = = . F.23

(5) s+1<51) s+1 ( )
Because the natural mode at s = 1 disappears from the input—output description, it is not connected
to the input. Finally, if we consider the PHR test,

s+1 0 -2
—1 s—1 1 ’

I-F G]= [ (F.24)

and let s = 1, then we must test the rank of
2 0 -2
-1 0 1 |’

which is clearly less than 2. This result means, again, that the system is uncontrollable.

1vT is a left eigenvector of F.
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Definition 4 Definition IV The asymptotically stable system (F, G) is controllable if the control-
lability Gramian, the square symmetric matriz Cq, given by the solution to the Lyapunov equation

FC, +C,FT + GG” =0, (F.25)

is monsingular. The controllability Gramian is also the solution to the following integral equation:
o T
Cy= / eFGGTe™ dr. (F.26)
0

One physical interpretation of the controllability Gramian is that if the input to the system is white
Gaussian noise, then C, is the covariance of the state. The controllability Gramian (for an asymp-
totically stable system) can be computed with the following command in MATLAB: [cg]=gram(F,G).

In conclusion, the four definitions for controllability—pole assignment (Definition I), state reach-
ability (Definition II), mode coupling to the input (Definition III), and controllability Gramian
(Definition IV)—are equivalent. The tests for any of these four properties are found in terms of the
rank of the controllability or controllability Gramian matrices or the rank of the matrix pencil [sI
- F G]. If C is nonsingular, then we can assign the closed-loop poles arbitrarily by state feedback,
we can move the state to any point in the state space in a finite time, and every mode is connected
to the control input.?

F.2 Observability

So far we have discussed only controllability. The concept of observability is parallel to that of con-
trollability, and all of the results we have discussed thus far may be transformed to statements about
observability by invoking the property of duality, as discussed in Section 7.7.2. The observability
definitions analogous to those for controllability are as follows:

1. Definition I: The system (F, H) is observable if, for any nth-order polynomial «.(s), there
exists an estimator gain L such that the characteristic equation of the state estimator error is
ac(s).

2. Definition II: The system (F, H) is observable if, for any x(0), there is a finite time 7 such
that x(0) can be determined (uniquely) from () and y(¢) for 0 <t < 7.

3. Definition III: The system (F, H) is observable if every dynamic mode in F is connected to
the output through H.

4. Definition IV: The asymptotically stable system (F, H) is observable if the observability
Gramian is nonsingular.

As we saw in the discussion for controllability, mathematical tests can be developed for observ-
ability. The system is observable if the observability matrix

H
HF

0= . (F.27)
HF" !

is nonsingular. If we take the transpose of O and let HY = G and FT = F, then we find the
controllability matrix of (F, G), another manifestation of duality. The observability matrix @ may

2We have shown the latter for diagonal F only, but the result is true in general.
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be computed using the obsv command in MATLAB: [oo]=obsv(F,H). The system (F, H) is observable
if the following matrix pencil is full rank for all s:

—n. (F.28)

The observability Gramian O 4, which is a symmetric matrix, and the solution to the integral equation

—/ eTFTHTHeTFdT, (F.29)
0

g =

as well as the Lyapunov equation

F'0,+0,F +H"H = 0, (F.30)

can also be computed (for an asymptotically stable system) using the gram command in MATLAB:
[og]=gram(F',H"). The observability Gramian has an interpretation as the “information matrix” in
the context of estimation.
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Ackermann’s Formula for Pole
Placement

Given the plant and state-variable equation
x =Fx+ Gu, (G.1)
our objective is to find a state-feedback control law
u=—-Kx (G.2)
such that the closed-loop characteristic polynomial is
ac(s) = det(sI — F + GK). (G.3)

First we have to select a.(s), which determines where the poles are to be shifted; then we have
to find K such that Eq. (G.3) will be satisfied. Our technique is based on transforming the plant
equation into control canonical form.

We begin by considering the effect of an arbitrary nonsingular transformation of the state,

x = TX, (G.4)

where X is the new transformed state. The equations of motion in the new coordinates, from
Eq. (G.4), are

% = TX = Fx + Gu = FTX + Gu, (G.5)
X =T 'FTx+ T 'Gu=Fx + Gu. (G.6)

Now the controllability matrix for the original state,
C.=| G FG F?G .- F“'G ], (G.7)

provides a useful transformation matrix. We can also define the controllability matrix for the trans-
formed state:
Cx—|G FG F2G ... F"1G ). (G.8)

The two controllability matrices are related by
Cx=[ T 'G T'FTT!'G ... ]=T71C (G.9)

and the transformation matrix

T =C.C3" (G.10)

99
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From Egs. (G.9) and (G.10) we can draw some important conclusions. From Eq. (G.9), we see
that if Cx is nonsingular, then for any nonsingular T, Cs is also nonsingular. This means that a
similarity transformation on the state does not change the controllability properties of a system. We
can look at this in another way. Suppose we would like to find a transformation to take the system
(F,G) into control canonical form. As we shall shortly see, Cz in that case is always nonsingular.
From Eq. (G.9) we see that a nonsingular T will always exist if and only if Cx is nonsingular. We
conclude that

Theorem G.1 We can always transform (F,G) into control canonical form if and only if the sys-
tem is controllable.

Let us take a closer look at control canonical form and treat the third-order case, although the
results are true for any nth-order case:

—a1 —az —asg 1
F=F. = 1 0 0 , G=G.,=|0|. (G.11)
0 1 0 0
The controllability matrix, by direct computation, is
1 —aq a% —as
C,—( - Cc - O 1 —ay . (G12)
0 0 1

Because this matrix is upper triangular with ones along the diagonal, it is always invertible. Also
note that the last row of Cz is the unit vector with all zeros, except for the last element, which is
unity. We shall use this fact in what we do next.

As we pointed out in Section 7.5, the design of a control law for the state X is trivial if the
equations of motion happen to be in control canonical form. The characteristic equation is

s3 +ay1s® +ags + a3 =0, (G.13)
and the characteristic equation for the closed-loop system comes from
F.=F.— GK. (G.14)
and has the coeflicients shown:
s34 (a1 + K.)s® + (az + Ke2)s + (a3 + Ke3) = 0. (G.15)

To obtain the desired closed-loop pole locations, we must make the coefficients of s in Eq. (G.15)
match those in

ac(s) = 8% + a1s® + ags + as, (G.16)
S0
a1+ Ko = a1, ax+ K =az, a3+ K3 =as, (G.17)
or, in vector form,
a+K.=aq, (G.18)

where a and « are row vectors containing the coefficients of the characteristic polynomials of the
open-loop and closed-loop systems, respectively.

We now need to find a relationship between these polynomial coefficients and the matrix F. The
requirement is achieved by the Cayley—Hamilton theorem, which states that a matrix satisfies its
own characteristic polynomial. For F. this means that

F? + a;F7 ' 4 aoF7 2 4+ 4 a,1=0. (G.19)
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Now suppose we form the polynomial a.(F), which is the closed-loop characteristic polynomial with
the matrix F substituted for the complex variable s:

ae(Fo) =F2 + a;F" 1 4 aoF? 2 ... 4+ q,l (G.20)
If we solve Eq. (G.19) for F? and substitute into Eq. (G.20), we find that

ac(Fe) = (—a1 + a)F '+ (—az + a2)Fl 2 + -+ (—an + o)LL (G.21)
But, because F. has such a special structure, we observe that if we multiply it by the transpose of
the nth unit vector, el =[ 0 --- 0 1], we get
elF.=[0 -~ 0 1 0]=el |, (G.22)
as we can see from Eq. (G.11). If we multiply this vector again by F., getting
(e Fe)Fe=[0 -+ 0 1 0]JF,
=[0 -~ 0 1 0 0]=el,, (G.23)

and continue the process, successive unit vectors are generated until
efFl'=[10 - 0]=ef. (G.24)
Therefore, if we multiply Eq. (G.21) by el we find that

ez;ac(FC) = (—CL1 + Oq)e{ + (_a2 + 012)95 + -+ (_an + O‘n)eg;
= [ Kcl Kc2 e Kcn ] = Kc, (G25)

where we use Eq. (G.18), which relates K. to a and o

We now have a compact expression for the gains of the system in control canonical form as
represented in Eq. (G.25). However, we still need the expression for K, the gain on the original
state. If u = —K_X, then u = —K_.T!x, so that

K=K.T'!'=elaF,)T!
=ela (T7'FT)T!
=elT 'a.(F). (G.26)

In the last step of Eq. (G.26) we used the fact that (T~'FT)* = T~'F*T and that «. is a polyno-
mial, that is, a sum of the powers of F.. From Eq. (G.9) we see that

T !'=c.Ct. (G.27)
With this substitution, Eq. (G.26) becomes
K =e!C.Cila.(F). (G.28)

Now, we use the observation made earlier for Eq. (G.12) that the last row of C., which is el C,, is
again el. We finally obtain Ackermann’s formula:

K =elC 'a.(F). (G.29)

We note again that forming the explicit inverse of Cy is not advisable for numerical accuracy.
Thus we need to solve b” such that

efc .t =bT. (G.30)
We solve the linear set of equations
b’C, = el (G.31)
and then compute
K = b . (F). (G.32)

Ackermann’s formula, Eq. (G.29), even though elegant, is not recommended for systems with a large
number of state variables. Even if it is used, Egs. (G.31) and (G.32) are recommended for better
numerical accuracy.

Ackermann’s
formula
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