Appendix WD
Ackermann’s Formula
for Pole Placement

Given the plant and state-variable equation

x = Ax + Bu, (WD.1)
our objective is to find a state-feedback control law
u = —Kx, (WD.2)
such that the closed-loop characteristic polynomial is
a.(s) = det(sI — A + BK). (WD.3)

First we have to select a.(s), which determines where the poles are to be
shifted; then we have to find K such that Eq. (WD.3) will be satisfied.
Our technique is based on transforming the plant equation into control
canonical form.

We begin by considering the effect of an arbitrary nonsingular
transformation of the state, as

x = TX, (WD.4)

where X is the new transformed state. The state equations in the new
coordinates, from Eq. (WD.4), are

% = TX = AXx + Bu = ATX + Bu, (WD.5)
X =T 'ATX + T~'Bu = AX + Bu. (WD.6)

Now the controllability matrix for the original state,
Cx=[B AB A’B ... A" 'B], (WD.7)

provides a useful transformation matrix. We can also define the control-
lability matrix for the transformed state:

Cc=[B AB A’B ... A"™B]. (WD.8)
The two controllability matrices are related by
Ci=[T'B T'ATT'B ... 1=T7'¢ (WD.9)
and the transformation matrix
T =CCg (WD.10)

From Egs. (WD.9) and (WD.10), we can draw some important con-
clusions. From Eq. (WD.9), we see if Cx is nonsingular, then for any
nonsingular T, Cx is also nonsingular. This means that a similarity
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transformation of the state does not change the controllability prop-
erties of a system. We can look at this in another way. Suppose we
would like to find a transformation to take the system (A, B) into con-
trol canonical form. As we shall shortly see, Cx in that case is always
nonsingular. From Eq. (WD.9), we see a nonsingular T will always exist
if and only if Cy is nonsingular. We derive the following theorem.

Theorem WD.1 We can always transform (A,B) into control canonical
form if and only if the system is controllable.

Let us take a closer look at the control canonical form and treat the
third-order case, although the results are true for any nth-order case:

B —ay —ay —as B 1
A=A, = 1 0 0 , B=B.=| 0 |. (WD.l])
0 1 0 0

The controllability matrix, by direct computation, is
1 2

—ay ay—a ]
Ck=C=|0 1 —a |. (WD.12)
0 0 1

Because this matrix is upper triangular with ones along the diagonal, it
is always invertible. Also note the last row of Cx is the unit vector with
all zeros, except for the last element, which is unity. We shall use this
fact in the following.

As we pointed out in Section 7.5, the design of a control law for the
state X is trivial if the state equations happen to be in control canonical
form. The characteristic equation is

S+ a1’ +ars+ay =0, (WD.13)
and the characteristic equation for the closed-loop system comes from
Ay =A.—BK, (WD.14)
and has the coefficients shown:
$3 (a1 + Ke)s* + (a2 + K2)s + (a3 + K3) = 0. (WD.15)

To obtain the desired closed-loop pole locations, we must make the
coefficients of s in Eq. (WD.15) match those in

ac(s) = s+ oz1s2 + aps + a3, (WD.16)
SO
a+Keg=a1, arx+Ko=a, az+K3z=ua3, (WD.17)
or in vector form,
a+ K. =a, (WD.18)

where a and « are row vectors containing the coefficients of the
characteristic polynomials of the open-loop and closed-loop systems,
respectively.



30 Appendix WD Ackermann’s Formula for Pole Placement

We now need to find a relationship between these polynomial
coefficients and the matrix A. The requirement is achieved by the
Cayley—Hamilton theorem, which states that a matrix satisfies its own
characteristic polynomial. For A., this means that

A+ g A AT 4 gl = 0. (WD.19)

Now suppose we form the polynomial «.(A), which is the closed-loop
characteristic polynomial with the matrix A substituted for the complex
variable s:

ac(A) = A7 + ] A" AT L (WD.20)

If we solve Eq. (WD.19) for A and substitute into Eq. (WD.20), we find
that

@c(Ae) = (—ay + @)A1 4 (—a + a) AP 2 4 - 4 (—ay + o)L
(WD.21)

But, because A, has such a special structure, we observe that if we mul-
tiply it by the transpose of the nth unit vector, enT =[0 --- 0 1],
we get
efAc=[0 --- 0 1 0]=e |, (WD.22)
as we can see from Eq. (WD.11). If we multiply this vector again by A,
getting
efADA, =[0 -~ 0 1 0]A,
=[0 - 01 0 0]=¢e,, (WD.23)
and continue the process, successive unit vectors are generated until
efA I =[1 0 -~ 0]=el. (WD.24)
Therefore, if we multiply Eq. (WD.21) by e[, we find that
ey (A = (a1 +a1)e] + (—ay+ax)e; + -+ + (—ay + e,
= [ Ky Ko -+ Ky ] =K, (WD.25)
where we use Eq. (WD.18), which relates K. to a and a.
We now have a compact expression for the gains of the system in
control canonical form as represented in Eq. (WD.25). However, we

still need the expression for K, which is the gain on the original state. If
u=—K.X, then u = —K, T~ !x, so

K=KT ' =ela.(A)T"!
=ela (T7'AT)T!
=elT 1. (A). (WD.26)

In the last step of Eq. (WD.26), we used the fact that (T~'AT)K =
T 'AXT and that «. is a polynomial, that is, a sum of the powers of
A.. From Eq. (WD.9), we see that

! =c.col. (WD.27)
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With this substitution, Eq. (WD.26) becomes
K =e/C.Colac(A). (WD.28)

Now, we use the observation made earlier for Eq. (WD.12) that the last
row of C., which is enT C., 1s again enT . We finally obtain Ackermann’s
formula:

K =e/Cla.(A). (WD.29)

We note again that forming the explicit inverse of Cy is not advisable
for numerical accuracy. Thus we need to solve b” such that

el =p’. (WD.30)
We solve the linear set of equations
bicy =el, (WD.31)
then compute
K =bTa.(A). (WD.32)

Ackermann’s formula, Eq. (WD.29), even though elegant, is not recom-
mended for systems with a large number of state variables. Even if it is
used, Egs. (WD.31) and (WD.32) are recommended for better numerical
accuracy.
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